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Structural Control Using Inverse H2 Optimal Theory

C. R. Ashokkumar¤ and Singiresu S. Rao†

University of Miami, Coral Gables, Florida 33124-0624

The piezoelectric transducers embedded in structures offer distributed sensor and actuator architectures for
structural control, a process that involveshealth monitoringand control of local structural degrees of freedom. The
design steps demand sensor and actuator management schemes so that the response of a structural component in
question is monitored and then tailored to the design requirements. Kalman’s inverse theory is used to determine
sensor and sensor–actuator combinations for optimal observers and controllers. The Riccati equations for each
combination are derived to formulate the linear quadratic Gaussian theory for a recon� gurable architecture. An
oscillator model with two inputs is considered to illustrate the underlying structural control principles.

Nomenclature
A = state vector
b = input matrix
C = matrix relating measurement and state vectors
c = damping
D = control in� uence matrix
d.t/ = exogeneous input
e = error vector
H = positive semide� nite symmetric matrix
h.s/ = transfer function
I = identity matrix
J = performance index (cost function)
j =

p
¡1

K = stiffness matrix
k; kc = stabilizing controller
kC = control gain matrix
k f = Kalman � lter gain matrix
k1; k2 = stiffnesses
L = Luenberger observer gain matrix
`a = number of actuators
`s = number of sensors
M = mass matrix
m1; m2 = masses
N = damping matrix
P; S = positive de� nite symmetric matrix
P f = � lter Riccati matrix
p = number of performance variables
Q = noise matrix
Rn = n-dimensional Cartesian space
s = Laplace variable
s.t/ = acceleration vector
Ps.t/ = displacementvector
Rs.t/ = velocity vector
t = time
u.t/ = control vector
V ; W = noise intensity matrices
v.t/ = measurement noise
w.t/ = system noise
X = covariance matrix of x.t/
x.t/ = state estimation vector
Ox.t/ = state vector
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Yi = i th basis vector
y.t/ = performance vector
yi .t/ = i th performance variable
z.t/ = measurement vector
1A; 1b; 1C = variations in A, b, C due to uncertainties
" = expected value operator
» = modal coordinate
! = eigenvalue
0 = transpose

I. Introduction

T HE capabilities of piezoelectric transducers embedded in
structures introduced various active structures in the past.

Intelligent,1 adaptive,2 biologically inspired structures,3 etc., are
some examples of active structures de� ned in the literature. The
� nite element method can be used to model structures embedded
with piezoelectric materials. In this method, discrete piezoelectric
transducersare assumedto be locatedat elementnodes,whereasdis-
tributed piezoelectricmaterials are used in deriving proper element
characteristic matrices and vectors by incorporating their mechan-
ical, electrical and coupling effects.4 Thus, the method permits the
modeling and analysis of the resulting structure as a multi-degree-
of-freedom system. Although a common control objective in most
of these structures is to tailor the dynamic response of structural
components considered in a � nite element (FE) model, neither the
structural degrees of freedom (SDOF) that demand performance
enhancementnor a controller that supplements the performance are
known a priori.The problembecomescomplex if a healthystructure
becomes damaged in the presence of modeling and environmen-
tal uncertainties. In this case, the SDOF could refer the damaged
structural components with mass and stiffness variations in the FE
models.5;6 The SDOF could also refer the residual modes or the
truncatedstructuralmodes,7 affectedby an exogenousinput, sensor
noise, spillover, etc. The piezoelectric transducersavailable as both
sensors and actuators are widely seen as an alternative to recon�g-
ure a sensor and actuator combination that detects and modi� es the
response of defective SDOF.

In linear quadratic Gaussian (LQG) theory (see Refs. 8 and 9),
the separation principle accepts a state feedback H2 optimal con-
troller and integrates it with an observer that monitors the SDOF in
question.AlthoughLQG formulationis suitablefor structuralhealth
monitoring and control, the controller and observer in a � xed sen-
sor architecture (FSA) is required to handle damping and stiffness
modi� cations within a structural component and its various SDOF
resulting from the internal and external nodes of p and h versions.10

Also direct optimal design assumes a known performance vector,
noise sources, etc., and seeks a controller that is robust to the spec-
i� ed modeling and measurement uncertainties. However, in health
monitoringandcontrol,noneof themareknown.Finally, if the struc-
tural componentwith either a sensor or an actuator is damaged, then
a procedure to disengage these components from a � xed sensor and
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actuator (FSA) architecture is necessary for the safe operation of
structure.

Clearly, structural control (SC) in the presence of mixed uncer-
tainties (damage, residual modes, exogenousinput, noise, etc.,) is a
processthat involveshealthmonitoring,detectionof localSDOF de-
manding performanceenhancement,and a control input at a healthy
structural component so that the operation of structure in an uncer-
tain environment is safe. In this paper, LQG formulation in a recon-
� gurable sensor architecture (RSA) is introduced. It works in the
framework of an FSA but has an ability to engage or disengage a
certain combination of sensors that are not favorable to a defective
structuralcomponent.Kalman’s inverse theory (see Ref. 11), in this
context,offersvarioussensorand actuatorcombinationsand derives
optimal controllers and observers as required in RSA.

It is known that a controller satisfying the Kalman’s optimality
criterion in state and out-put feedbacksetting also guarantee in� nite
gain margin (see Ref. 12), a fundamental property the separation
principle in LQG formulation uses to integrate the controller and
observer gains.13;14 In Sec. II, a brief background on inverse theory
is presented. In Sec. III, the SC problem is de� ned. If a controller
for a sensor–actuator combinationor an observer for a sensor com-
bination is found optimal, then a procedure to compute the Riccati
equations (REs) is presented in Sec. IV. For each of these controller
and observer RE pairs, in Sec. V the LQG formulation for RSA is
presented.Given LQG formulation,SC schemes in RSA framework
are discussed in Sec. VI. The attributes of RSA for local structural
mode control using a � xed proportional plus derivative (PD) con-
troller is presented in Sec. VII. In Sec. VIII, an oscillator model is
used to illustrate the SC principles. Conclusions and remarks are
presented in Sec. IX.

II. Background
Considera vectors.t/ 2 Rn=2 with the displacementand rotational

SDOF at FE nodes. Let the model for a healthy structure be

M Rs.t/ C N Ps.t/ C K s.t/ D Du.t/ (1)

The velocity and acceleration vectors are represented by Ps.t/ and
Rs.t/, respectively.Let u.t/ D R`a be the number of transducersem-
bedded in structure as actuators and let D be the control in� uence
matrix that usually dependson the transducerlocation, type, etc. For
actuator management schemes, u.t/ is assumed to be a scalar. Let
M , N , and K representthe mass, damping,and stiffnessmatricesof
appropriatedimensions. The � rst-order state-spacesystem required
to address direct and inverse optimal control theory is

µ
Ps.t/
Rs.t/

¶

| {z }
Px.t/

D
µ

0 I

¡M¡1K ¡M¡1 N

¶

| {z }
A

µ
s.t/
Ps.t/

¶

| {z }
x.t /

C
µ

0

M¡1 D

¶

| {z }
b

u.t/ (2)

Let z.t/ 2 R`s be the transducersembedded in a structureas sensors,
and let the measurementvectorbe z.t/ D Cx.t/. In direct H2 optimal
control, the objective is to seek a control law

u.t/ D ¡kCx.t/ (3)

such that the known performancevariablesy1.t/; : : : ; yp.t/ stacked
in a column vector y.t/ D Hx.t/ is optimal with respect to the linear
quadratic cost function,

J D
Z 1

0

fx 0.t/H 0 H x.t/ C u0.t/u.t/g dt ; x.0/ 6D 0 (4)

Note that the performance vector is known as a linear combination
of the state variables.In addition,the signalsfromall of the actuators
u1; : : : ; u`a and sensors z1; : : : ; z`s are simultaneouslyprocessed to
seek a controller k`a £ `s that minimizes J . The controller needs to
satisfy the following optimality constraints:

P D P 0 (5)

.A ¡ bkC/0 P C P.A ¡ bkC/ D ¡.H 0 H C C 0k 0kC/ (6)

.A ¡ bkC/0 S C S.A ¡ bkC/ D ¡X (7)

b0 P SC 0.C SC 0/¡1 D k (8)

Given H and k, the algebraic RE [(ARE), Eq. (6)] solves for a pos-
itive de� nite symmetric matrix P . Given X , the covariance matrix
for x.t/, the Lyapunov equation (7) solves for a positive de� nite
symmetric matrix S. Both P and S de� ne the optimal controller
in Eq. (8). Various parameter optimization techniques have been
proposed to solve for k and its constraints given in Eqs. (5–8).

Inverse theory,on the other hand, assumes a stabilizingcontroller
k1 £ `s and determines a class of performance vectors y.t/ such that
the optimality criterion is met. In state feedback setting,15 inverse
theory assumes `s D n and determines whether k is optimal for all
possible H and J . The criterion is

j1 C k. j! I ¡ A/¡1bj2 > 1; 8! > 0 (9)

All of these controllers also satisfy the followingalgebraicoptimal-
ity criterion:

P D P 0; b0 P D k

.A ¡ bk/0 P C P.A ¡ bk/ ¡ k 0k D ¡H 0 H (10)

Clearly, inverse theory seeks the unknown performance vectors
y.t/ D Hx.t/ such that the controller k for a controllable system
minimizes J . A simple extension of inverse theory for an output
feedback controller ½kC that seeks in� nite gain margin is given
by11

½ D sup
! > 0

¡2 cos[6 h. j!/]
jh. j!/j

(11)

where h.s/ D kC.s In ¡ A/¡1b. The algebraic optimality criterion
modi� es to

P D P 0; ½kC.D kc/ D b0 P

.A ¡ bkc/
0 P C P.A ¡ bkc/ D ¡.H 0 H C k 0

ckc/ (12)

Note that the covariancematrix X in this case is H 0 H C k0
ckc and S

is indeed P . The duality of controller RE is the observer RE, given
as

L 0 D C PL ; APL C PL A0 ¡ PL C 0C PL C Q D 0 (13)

The observer RE (13) is guaranteed to exist if the conditions 1)
(A ¡ LC ) is stable, 2) L 0C 0 > 0, and 3) YL C 0 D 0 hold for a sym-
metric YL (Ref. 14). An equivalent statement of these conditions is
as follows.12 If (C; A/ is observable and .A;

p
Q/ where Q ¸ 0 is

reachable, then the error system

Pe.t/ D .A ¡ LC /e; e D x.t/ ¡ Ox.t/ (14)

is asymptotically stable. For a given control law u.t/, the estimate
of the states Ox.t/ from an observer is inferred from

dOx.t/

dt
D AOx.t/ C bu.t/ C LC [x.t/ ¡ Ox.t/] (15)

In the context of a deterministic FE model, Luenberger observer
gains L do not necessarily guarantee the RE. Suppose L satis� es
observer RE; note that Q has no implication as in controller RE,
wherein we gave the relation Q D H 0 H . LQG theory, however, in-
terprets Q as noise sources in the system equations and handles
structured control problems de� ned next.
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III. SC Problem Formulation
Consider a FE model with modeling and environmental uncer-

tainties,
µ

Px.t/
P».t/

¶
D

µ
A C 1A u

u u

¶ µ
x.t/

».t/

¶

C
µ

b C 1b

u

¶
u.t/ C

µ
e

e

¶
d.t/ C Gw.t/ (16)

z.t/ D .C C 1C/x.t/ C v.t/ (17)

where the scalarsd.t/, w.t/, and v.t/ representthe exogenousinput,
system noise, and measurement noise, respectively.The additional
SDOF introduced due to the modi� ed FEs in p and h versions are
denotedby » . The structuralmodes associatedwith » are referred to
as residual modes that were ignored in the controller and observer
design procedures.The coupling terms in the matrix elements with
letters u and e refer to the contributions of the unmodeled dynam-
ics and exogenous input, respectively.All of the properties, such as
controllability, stability, optimality, etc., under which a controller
and an observerwere designed,may become invalid in the presence
of combineduncertaintyf1A; 1b; 1C; d; w; vg. A risk-mitigating
algorithm should be able to detect and repair y.t/ for the safe oper-
ation of structures.Thus SC in RSA becomes important. A speci� c
problem considered in this paper is to determine various sensor and
actuator combinations so that the controllers and observers in each
combination are available for SC in active structures.1¡3

A. Open-Loop Structural Health Monitoring and Control
A healthy structure with active sensors is assumed for analysis.

Among the given sensors z1; z2; : : : ; z`s , it is possible to recon� gure
1, or 2, : : : ; or `s sensors at a time. The total number of sensor com-
binations available for RSA are the sum of `s C1;

`s C2; : : : ; `s C`s ,
respectively.Out of these possibilities,the sensor combinations that
satisfy the conditions in Eq. (13) are of particular interest for ob-
server REs. Under ideal operatingconditionswithout modeling and
environmental uncertainty sources, the sensor combinations that
guarantee observer REs offer stable observable systems. However,
in the presence of uncertainties, the responses from these observers
are expected to isolate the presenceof a defective structuralcompo-
nent. The goal is to develop a switching criterion that recon�gures a
sensorcombinationfor which a controllerin output feedbacksetting
ensures safe operation of the structure. Various switching schemes
for adaptive control are proposed in the literature.16 In structures,
however, it is important to maintain the periodic response of indi-
vidual structural models in case any one of them is mistuned.17 If
a structural model is mistuned, any localization effects introduced
can be reduced or eliminated by controlling the location of the cou-
plingconstraint.A switching criterioncan be used to engagesensors
whose responsesfrom observersare periodic and disengageall sen-
sors whose responsesare either aperiodic(not periodic), unbounded
or oscillatory.

B. Closed-Loop Structural Health Monitoring and Control
The problem in closed loop is similar to that of the open-

loop structural health monitoring and control problem. The struc-
ture, however, is now active by a controller in FSA. The ob-
server outputs in the active structure are usually bounded unless
the structure is perturbed by the presence of mixed uncertainties
f1A; 1b; 1C; d; w; vg. If a structural component embedded with
a sensor or actuator is found defective, then its response (the re-
sponse of SDOF associatedwith a defectivecomponent) is expected
to become aperiodic. The problem in closed-loop structural health
monitoring and control is to detect the SDOF whose responses
are aperiodic and use an RSA such that the structure has periodic
oscillations. The total number of actuator combinations available
for each sensor combination de� ned in Sec. III.A are the sum of
`a C1;`a C2; : : : ; `a C`a , respectively.As in sensorcase,actuatorcom-
binationssatisfying the conditionsin Eq. (12) for a controllerRE are
of particular interest. The SC problem and switching criterion for

periodic regulationare similar to that of the open-loopcase. In addi-
tion, because the structure is now active, the necessary requirement
is to detect and disengage a sensor or actuator,whose responses are
aperiodic.

IV. Inverse H2 Theory: Implications
Deterministiclinearquadraticoptimalcontrol(or H2 optimalcon-

trol) has been an important design tool in control of structures. In
particular, output feedback controllers subject to the constraints in
Eqs. (5–8) require parameter optimization.18 Although piezoelec-
tric transducersare available all over the surface of a structure, it is
often dif� cult to derive a FE model with a measurement vector for
state feedback control problem. Thus, SC in static output feedback
setting19;20 is of considerable interest in a control system design.

Inverse theory suggests that any controller designed for a
minimal-phaseloop transferfunctionh.s/with pole-zeroexcessless
than three is H2 optimal. The controller further inherits guaranteed
stability margins found in a state feedback regulator, a property
used in the LQG formulation. The dual REs in LQG formulation
are derived in detail. Consider a stabilizing controller kc D ½kC for
a controllableand an observablepair (A; b/ and (C; A/, respectively.
1) Compute the basis Yi 2 Rn £ n for Yb D 0, where

Y D
±X

i D 1

®i Yi

is symmetric for all nonzero vectors ® D [®1; : : : ; ®±]. 2) Use
the components of ® such that P D NP.½/ C Y is positive de� -
nite for some ®¤, where NP.½/ D ½C 0k 0.kCb/¡1kC . 3) Substituting
P and rewriting the ARE, we get unknown performance vectors
y.t/ D Hx.t/ and symmetric matrices H 0 H as

H 0 H D ¡A0

µ
NP C

±X

i D 1

®i Yi

¶
¡

µ
NP C

±X

i D 1

®i Yi

¶
A C k 0

ckc (18)

For every ®¤, there exists several performance vectors for which
the controller ½kC is LQ optimal and P is PD. The number of
performancevariables in each vector y.t/ dependson the dimension
of H , namely, p · n.

V. LQG Theory: Implications
Although inverse theory directly incorporates sensor measure-

ments and offers stability margins similar to that of a state feed-
back regulator, traditional measurement feedback systems develop
controllers that are robust to the noise characteristics. LQG the-
ory assumes stochastic FE models driven by the white noise w.t/
and v.t/ and determines a full state feedback controller klinear to
the estimated states Ox. Because kc in output feedback setting inher-
its the properties of k, LQG formulation for a RSA is proposed.
In this connection, the symmetric matrices in observer RE are in-
terpreted as follows: Let " be the expected value operator. De� ne
"fww0g D W ¸ 0 and "fvv0g D V > 0. The Kalman � lter gain

k f D P f C
0V ¡1 (19)

and P f ¸ 0 satis� es the � lter RE

P f A0 C AP f ¡ P f C
0V ¡1C P f C GWG 0 D 0 (20)

Note that the observer and � lter REs have same interpretation,but
in the former case, V and W are not identi� ed [Eq. (13)]. Suppose
V D I`s £ `s and W D In £ n ; the Q becomesGG 0. As in controllerRE,
the inverseapproachforobserverRE is useful to isolatetheunknown
input noise vector w.t/ through G . The integrated controller and
observer scheme becomes

d

dt

µ
x.t/

Ox.t/

¶
D

µ
A ¡bkC

k f C A ¡ k f C ¡ bkC

¶ µ
x.t/

Ox.t/

¶
C

µ
Gw.t/

k f v.t/

¶

(21)



ASHOKKUMAR AND RAO 2481

The augmentedsystem matrix in Eq. (21) is of considerable interest
in deriving the separationprinciple. Introducing the parametric un-
certainties and performing the row and column operations, the per-
turbed eigenvaluesof the integrated system matrix are inferred as21

det

µ
s I ¡ .A ¡ k f C/ ¡ E0 0

¡k f .C C 1C/ s I ¡ .A ¡ bkC/ ¡ Ec

¶
D 0 (22)

where E0 D 1A ¡ k f 1C and Ec D 1A ¡ 1bk are the model-
ing uncertainties affecting the controller and observer poles. If
1C; 1b D 0, and if the model preserves controllabilityand observ-
ability properties with E0; Ec D 0, then the convergenceof Kalman
� lter may hold even if the integrated system is unstable. However,
in the presenceof generic uncertaintiesf1A; 1b; 1C; d; w; vg, � l-
ter and controller gains designed for a speci� c sensor and actuator
con� gurationmay notpreservevariousassumptionssuchas control-
lability, stability, optimality, etc. In this case, LQG formulation for
RSA seeks another sensor and actuator combination for which the
Kalman � lter converges; however, this aspect of our investigationis
beyond the scope of this paper.

VI. SC Using RSA
The sourcesof modelinguncertaintiesare evidentduring the time

the FE nodes are picked.The internal and external nodes in p and h
versions of FE modeling, in theory, can make n denumerably large.
However, for all practical design and analysis purposes, the model
is truncated with � nite DOF. The SDOF ignored to have a � nite di-
mensional model contributes to unstructureduncertainty.Likewise,
the growth of structural defect from a tiny crack to large damage
introduce stochastic and deterministic parameter variations. In this
section,SC using RSA is discussed to monitor, isolate, and mitigate
defects resulting from such uncertainties. Consider an FSA and a
set of sensors C and the elements of kc populated as shown by £:

kc D
s ¡ 1 s ¡ 2 s ¡ 3 s ¡ 4

a ¡ 1 £ £ £ £
a ¡ 2 £ £ £ £

Controller in this case refers to two actuators and two sensors that
are active. If, for some reason, sensors s-1 and s-3 are required to
be deactivated, then the controller for RSA takes the form

kc D
s ¡ 1 s ¡ 2 s ¡ 3 s ¡ 4

a ¡ 1 0 £ 0 £
a ¡ 2 0 £ 0 £

Further, deactivating an actuator located at a defective structural
component, the actuator management is inferred as

kc D
s ¡ 1 s ¡ 2 s ¡ 3 s ¡ 4

a ¡ 1 0 £ 0 £
a ¡ 2 0 0 0 0

The 2-actuator and 4-sensor case is generalized for a � nite num-
ber of sensors `s and actuators `a embedded in a structure. Exis-
tence of observer REs for some pattern in each sensor combination
C 2 R`s £ n is presented. In deriving a controller, a single actuator is
assumed to be active. That is, b 2 Rn is a column vector. Determin-
istic and probabilistic structural control schemes are presented. In
the deterministic case, integrated SC scheme results in

d

dt

µ
x.t/

Ox.t/

¶
D

µ
A ¡bkc

LC A ¡ LC ¡ bkc

¶ µ
x.t/

Ox.t/

¶
(23)

The RSA in this setting is useful to handle disturbance d.t/ and
parameter variations .1A; 1b/ de� ned for a large damage at the
local coordinates of a structure. To study noise characteristics and
other probabilisticstructuralparametervariations,22 an observerRE
in LQG setting is necessary. In this case, the formulationfor RSA is

d

dt

µ
x.t/

Ox.t/

¶
D

µ
A ¡bkc

k f C A ¡ k f C ¡ bkc

¶µ
x.t/

Ox.t/

¶
C

µ
Gw.t/

k f v.t/

¶
(24)

Note that the control law, u.t/ D ¡kcx.t/, in the deterministic case
maintains in� nite gain margin. However, in the LQG setting, the
control law modi� es to

u.t/ D ¡kc Ox.t/ (25)

In summary, each controller ½kC in RSA minimizes the expected
value of J in Eq. (4), such that the performancevectory.t/ D Hx.t/
for a stochastic or a deterministicFE model in Eqs. (16) and (17) is
optimal. Inverse theory computes H and balances the controllerRE
as in Eq. (18) if a positive de� nite P at ®¤ is known. Likewise, G
is balanced using the observer RE de� ned for a known sensor noise
characteristicsV . The attributesof LQG and H2 formulationin RSA
is useful to control the independentSDOF, explained in the sequel.

VII. Local Structural Mode Control
Local structural mode control in a FSA is similar to that of the

independentmodal space control that attempts to tailor the response
of allmodesconsideredin a FE modelusingthepositionandvelocity
feedback.In a naturalcoordinatesystem,19;20 it is shown that the PD
controller of the form

½kC D
£
k1

p 0 : : : k1
d 0 : : : (for mode 1)

¤

D
£
0 k2

p : : : 0 k2
d : : : (for mode 2)

¤

guarantees an RE of order two for every mode. In local structural
model control, an original coordinate system is considered. A pro-
cedure to detect and control a particular structural mode shown in
Fig. 1 is presented. A � xed-order PD controller for an RSA is

u.t/ D ¡kpxi .t/ ¡ kd Pxi .t/; i 2 [1; 2; : : : ; `s]

D ¡
µ

0 0 k p|{z}
i

0 : : : 0 0 kd|{z}
n C i

: : :
¶

| {z }
kc

x.t/

Note that the sensors could be either xi .t/ for a PD controller or
fxi ; Pxi g for a proportional controller. Figure 1 presents two collo-
cated sensor and actuator pairs, one located at a healthy component

a)

b)

Fig. 1 a) Piezoelectric transducers at healthy and damaged structural
components and b) reduced-order oscillator model illustrating struc-
tural control principles.
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and another at a damaged component. The oscillator model is used
to explain this behavior of such structures. Suppose the collocated
pair fu1; x1; Px1g is active; then the control law is given by

u1.t/ D ¡kpx1.t/ ¡ kd Px1.t/

If an observer for this active structure exhibits Ox1.t/ aperiodic and
Ox2.t/ periodic, then u1.t/ is naturallyaperiodic.Thus, it is necessary
to recon� gure a sensor whose response is periodic such that the ac-
tuator input linear to these sensors is also periodic.Two possibilities
exist:

u1.t/ D ¡kpx2.t/ ¡ kd Px2.t/

u2.t/ D ¡kpx2.t/ ¡ kd Px2.t/

Furthermore in RSA, if both Ox1 and Ox2 are periodic, then the model
as a whole maintains periodic regulation. In this case, a simple
switching rule to manage sensors and actuators is necessary. The
actuator management may be given as

u.t/ D ¸u1.t/ C .1 ¡ ¸/u2.t/; ¸ D 0 or 1

Similarly, the sensor management is

u.t/ D ¡[kp C kd s][¸x1.t/ C .1 ¡ ¸/x2.t/]; ¸ D 0 or 1

where ¸ D 0 refers the collocated pair fu1; x1; Px1g that is active and
¸ D 1 recon� gures the pair fu2; x2; Px2g for periodic regulationof the
oscillator.

VIII. Oscillator Example
In this section,theoscillatorin Fig.1 is modeledusinga collocated

sensor and actuator pairs at masses m1 and m2 , fu1; x1; Px1g and
fu2; x2; Px2g (Ref. 23),
2

664

Px1.t/

Px2.t/

Rx1.t/

Rx2.t/

3

775 D

2

664

0 0 1 0

0 0 0 1

¡1 0 ¡0:2 0:2

0 ¡2 0:2 ¡0:2

3

775

2

664

x1.t/

x2.t/

Px1.t/

Px2.t/

3

775

C

2

664

0

0

1

0

3

775 u1.t/ C

2

664

0

0

0

1

3

775 u2.t/

Suppose the measurement vector z.t/ in an FSA is Px1; Px2; x1, and
x2, then the state and output feedback controllers are given by

kc D
£
k1

p k2
p k1

d k2
d

¤
x.t/; n D 4

kc D
£
k1

p k2
p : : : k1

d k2
d ¢ ¢ ¢

¤
x.t/; n > 4

For the oscillator model with n D 4 and a � xed PD controller with
kp D k i

p and kd D ki
d , the two sensor combinations considered are,

kc D [kp 0 kd 0] (for sensor x1; Px1/

D [0 kp 0 kd ] (for sensor x2; Px2/

Of the four actuator management schemes, the two schemes satis-
fying the conditions for the existence of controller REs are

u1.t/ D [kd 0 k p 0]x.t/

or

u2.t/ D [0 kd 0 k p]x.t/

The in� nite gain margin controller satisfying the LQ optimality
condition in Eq. (11) is k p D 3 and kd D 30. The nonsingularitycon-
straint in Eq. (11) for the two actuator schemes are shown in Fig. 2.

Fig. 2 Condition in Eq. (11) for a PD controller, 3(1 ++ 10 s).

Note that theconstraintis derivedfor frequencyin the interval[0,10].
The controller RE for the sensor and actuator pair fu1; x1; Px1g is

Y D

2

664

®1 ®2 0 ®3

®2 ®4 0 ®5

0 0 0 0

®3 ®5 0 ®6

3

775

One of the combinations of ® that makes P positive de� nite is
®¤ D [1, 0, 0, 1, 0, 1]. The unknown performancevector y.t/ for ®¤

is computed as

y.t/ D

2

664

3:9604 ¡2:6141 ¡16:1787 ¡25:2482

¡0:0000 ¡0:6982 ¡0:6805 0:5084

0:9533 0:0059 0:0712 0:1033

¡0:0053 ¡0:6062 0:4519 ¡0:2276

3

775 x.t/

Similarly the controller RE for the sensor and actuator pair
fu2; x2; Px2g is

Y D

2

664

®1 ®2 ®3 0

®2 ®4 ®5 0

®3 ®5 ®6 0

0 0 0 0

3

775

and y.t/ for this combination is given by

y.t/ D

2

664

0 0 0 30:5049

0:3053 ¡1:8493 0:1970 0

¡0:0042 0:0665 0:6305 0

0 0 0 0

3

775 x.t/

The observer RE for the sensors fx1; Px1g is

YL D

2

664

0 0 0 0

0 ¯1 0 ¯2

0 0 0 0

0 ¯2 0 ¯3

3

775

For ®¤ D [0:1; 0; 0:1], the noise sources G in the FE model is given
by

G D

2

664

0:1838 0:0919 ¡0:3552 0:1868

¡0:1093 0:1978 0:1040 0:2079

¡0:0913 0:2018 ¡0:0960 ¡0:1920

0:1655 0:0827 0:0882 ¡0:0358

3

775
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a)

b)

Fig. 3 Open-loop structural health monitoring; a) x̂1 vs _̂x1 and b) x̂2 vs _̂x2: Luenberger observer response for an impulse applied at ——, mass 1 or
– – –, mass 2.

a) b)

c) d)

Fig. 4 Health monitoring in active structures; Luenberger observer response for initial conditions at a) mass 1, x̂1 vs _̂x1; b) mass 2, x̂1 vs _̂x1; or
c) mass 1, x̂2 vs _̂x2; and mass 2, x̂2 vs _̂x2 .

The controllers kc D b0P and observers L D C PL or k f D P f C 0V ¡1

for deterministic and stochastic models satisfy the algebraic opti-
mality criteria. Note that in the deterministic case, the Leunberger
observer L is not required to be optimal.

Next, the sensor combination fx1; Px1g and sensor–actuator com-
binationsfu1; x1; Px1g and fu2; x2; Px2g, respectively,are used to illus-
trate the SC principles. The goal is to preserve periodic regulation
if an observer response in the presence of modeling and environ-
mental uncertainties is found aperiodic. In open loop, the observer

response in Fig. 3 for initial conditionsand an impulse suggest both
x1 and x2 are periodic. However, if the structure is active with a col-
located sensor and actuator pair fu1; x1; Px1g, the observer response
in Fig. 4 suggests that x1 is aperiodic for initial conditionsat mass 2,
whereas x2 is periodic for initial conditions at both mass 1 and 2,
respectively (Figs. 4c and 4d). It is necessary to disengage sensors
fx1; Px1g and engage fx2; Px2g by an actuator u1.t/ or u2.t/ so that a
control input linear to these measurements is periodic as shown in
Fig 5. Thus, the switching criterion employed in this context is the



2484 ASHOKKUMAR AND RAO

a) PD controller for sensors at mass 1 (aperiodic stabilizing control input)

b) PD controller for sensors at mass 2 (periodic stabilizing control input)

Fig. 5 Switching criterion using principle of linearity and superposition.

Fig. 6 Intelligent system via Kalman’s inverse theory; restoration of periodic oscillator response using recon� gurable architecture for deterministic
exogenous inputs at mass 1 or for probabilistic noise sources at either mass 1 or mass 2.

principles of linearity and superposition. Note that the optimality
criterion excludes the choice fu1; x2; Px2g because it fails to satisfy
the condition kCb > 0. Thus, the actuator u2 for sensors fx2; Px2g is
recon� gured. By this choice, the responses of x1 and x2 becomes
periodic, as shown in Figs. 6a and 6c. Furthermore, LQG formu-
lation provides the response of oscillator (Fig. 6d) driven by the
noise (Fig. 6c). The covariance matrix resulting from the observer
RE further suggest the bounds within which the oscillator response
is con� ned. Characterizationof G used to balance the observer RE
requires careful attention.Suppose w.t/ is scalar, then G is spanned
by the vectors [0; 0; g1; 0] and [0; 0; 0; g2], so that the oscillator
model with white noise w.t/ may be written as

Rx1 C 2³. Px1 ¡ Px2/ C x1 D u1.t/ C g1w.t/ (26)

Rx2 C 2.³=¹/. Px1 ¡ Px2/ C .·=¹/x2 D u2.t/ C g2w.t/ (27)

Because we speci� y G and seek k f ;balancing observer RE using
P and a meaningful G becomes a complex problem.

IX. Conclusions
This paperdevelopsa procedureto use the piezoelectrictransduc-

ers embeddedwith structuresin a recon� gurablesensorarchitecture.
It works in the frame work of an FSA, but has an ability to engage
or disengage a sensor or actuator so that the remaining sensors and
actuatorsfunctionwithin the frameworkofH2 and LQG optimal the-
ory. Kalman’s inverse theory is used to design various controllers
and observers for a recon� gurable architecture. The idea is to use
these controllers and observers and control structures with mixed
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uncertainties,which includedamage, noise, disturbanceinputs, etc.
In proposing this methodology, it is observed that balancing the
observer RE using symmetric matrices requires further attention
to understandprobabilisticstructural models. However, the general
idea of recon� gurablecontrol is used to address the periodic regula-
tion of local structural modes, for which the controller and observer
combination is used in a deterministic sense.
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20Öz, H., and Meirovitch,L., “Stochastic Independent Modal Space Con-
trol of Distributed Parameter Systems,” Journal of Optimization Theory and
Applications, Vol. 40, No. 1, 1983, pp. 121–154.

21Kailath, T., Sayed, A. H., and Hassibi, B., “Why Study Models with
Unstable F; The Measurement Feedback Problem and the Separation Prin-
ciple,” Linear Estimation, Prentice–Hall, Upper Saddle River, NJ, 2000,
pp. 502–505.

22Manohar, C. S., and Ibrahim, R. A., “Progress in Structural Dynamics
withStochasticVariations:1987–1998,”AppliedMechanics Review, Vol. 52,
No. 5, 1999, pp. 177–197.

23Luongo, A., “Free Vibrations and Sensitivity Analysis of a Defective
Two Degree-of-Freedom System,” AIAA Journal, Vol. 33, No. 1, 1995,
pp. 120–127.

C. Pierre
Associate Editor


